Very accurate quantum mechanical calculations of the pure vibrational spectrum of the HeH molecular ion are reported and compared with newly obtained pure vibrational transitions extracted from the available experimental data. The calculations are performed without assuming the Born-Oppenheimer approximation regarding separability of the nuclear and electronic motions and include the first order relativistic mass-velocity and Darwin corrections. For the two lowest transitions, whose experimental energies are established with the highest precision, the calculated and the experimental results show very good agreement. DOI: 10.1103/PhysRevLett.96.233002 PACS numbers: 31.15.Pf, 31.25.Nj, 31.30.Jv Modern gas phase measurements of molecular quantities such as rovibrational and electronic excitation energies, electron affinities, ionization potentials, bond dissociation, and atomization energies achieve nowadays the precision exceeding tenths or even hundredths of a wave number. This presents a challenge to quantum mechanical calculations because in order to reach such an accuracy, not only the electronic component of the wave function has to be calculated with a very high precision, but also the component describing the motion of the nuclei (vibrational and rotational) and the component describing the coupling of the electronic and the nuclear motions has to be very accurately represented. Furthermore, even for small systems the relativistic effects need be taken into account.
Modern gas phase measurements of molecular quantities such as rovibrational and electronic excitation energies, electron affinities, ionization potentials, bond dissociation, and atomization energies achieve nowadays the precision exceeding tenths or even hundredths of a wave number. This presents a challenge to quantum mechanical calculations because in order to reach such an accuracy, not only the electronic component of the wave function has to be calculated with a very high precision, but also the component describing the motion of the nuclei (vibrational and rotational) and the component describing the coupling of the electronic and the nuclear motions has to be very accurately represented. Furthermore, even for small systems the relativistic effects need be taken into account.
In the present work we use the approach departing from the Born-Oppenheimer (BO) approximation whose development has been carried out for last several years in our research group [see [1] [2] [3] [4] [5] and references therein]. The main part of the development has been the use of correlated Gaussian functions that depend explicitly on the distances between the particles (nuclei and electrons) forming the molecule.
In this work we report the development and implementation of the algorithm for calculating electronic and nuclear mass velocity and Darwin corrections to the non-BO energy using an all-particle approach. To our knowledge, this is the first work where these relativistic corrections are computed for a molecular system with more than one electron within the non-BO framework. There have been very accurate calculations of molecular relativistic effects reported before [see, for example, Refs. [6, 7] ] , but they only concerned the electronic corrections and all, except one on a single electron system [8] , have been done within the BO approximation. The calculations presented in this work concern all bound states of the HeH ion with zero total angular momentum. Such states are usually called ''vibrational states'' although, if the Born-Openheimer approximation is not assumed, the vibrational motion of the nuclei is coupled with the electronic motion and, strictly speaking, the vibrational quantum number, v, is not a good quantum number.
The hydrohelium cation HeH , whose first laboratory observation dates back to 1925 [9] , is relevant to astrochemistry [10] since hydrogen and helium are the two most abundant elements in the universe. Apart from our recent work [5] , all previous vibrational calculations of HeH in the electronic ground 1 state have been based on the Born-Oppenheimer potential energy curve and they were summarized in the work of Bishop and Cheung [11] . Since HeH has a relatively large permanent dipole moment, there have been some highly precise measurements of the vibration-rotational and pure rotational gas phase spectra of this system. We will refer to some of those measurements later in this work.
For several decades the most frequently used model system for testing the accuracy of high level quantum mechanical molecular calculations has been the hydrogen molecule. While the HeH ion has been used less frequently in such tests, it is a useful model for high level calculations, particularly those that include some account of the relativistic effects. This is due to the simplicity of the HeH electronic structure in the ground electronic state, which can be described as a helium atom slightly polarized by the proton. This polarization decreases with vibrational excitation. Our previous nonrelativistic non-BO calculations of HeH [5] yielded the transition energies involving the first four pure vibrational states that systematically overestimated the corresponding experimental transition energies by about 0:07 cm ÿ1 . These differences inspired the present work on the relativistic corrections with the main goal of reducing the remaining theoretical or experimental discrepancy. The two largest relativistic correc-tions, i.e., the ones due to the mass-velocity and Darwin effects, have been included in the present calculations. The remaining corrections related to the spin-orbit, orbit-orbit, and spin-spin interactions are expected to be at least by 1 order of magnitude smaller [due to the He-like electron distribution in HeH ; this conclusion is based on the calculations of the relativistic effects in He performed by Mitdal and Aashamar [12] ] and have not been included.
We should also add that HeH is a system for which only a couple hundred rovibrational transitions have been assigned and no pure vibrational transitions have been measured. Thus, this important system is still ''a work in progress'' both in terms of the experimental and theoretical investigations. In this Letter we show how well these investigations are converging in determining the transition energies between the rotationless vibrational levels.
The total nonrelativistic Hamiltonian for HeH in the laboratory Cartesian coordinate system has the following form:
where the masses, charges, and positions of the four particles forming HeH are denoted as M i , Q i , and R i , respectively. The first two particles are the nuclei of the He and H atoms, and the last two are the electrons. In the first step we transform the Hamiltonian (1) by separating the center-of-mass motion, thereby reducing the 4-particle problem to a 3-pseudoparticle problem described by the internal Hamiltonian,Ĥ. In this transformation the laboratory Cartesian coordinate system is replaced by a system whose first three coordinates are the laboratory coordinates of the center of mass, r 0 , and the remaining nine coordinates are the Cartesian coordinates in the internal coordinate system whose origin is placed at the helium nucleus (particle 1 with mass M 1 called the reference particle). The other particles are referred to the reference particle using the Cartesian position vectors r i defined as r i R i1 ÿ R 1 . The internal Hamiltonian,Ĥ, is:
where r i jr i j and r ij jR j1 ÿ R i1 j jr j ÿ r i j. The separation of the internal Hamiltonian and the Hamiltonian of the motion of the center of mass is exact. The internal Hamiltonian (2) describes three pseudoparticles with charges q i Q i1 and reduced masses m i M 1 M i1 =M 1 M i1 moving in the central potential of the charge of the reference particle.
In the calculation of the mass-velocity (MV) and the Darwin (D) corrections we start with respective Hamiltonians in the laboratory coordinate frame (R) [13] :
It should be noted that only spin-1=2 particles contribute to the D correction proportional to 1=c 2 (4) and the helium nucleus (zero spin) should be excluded from the sums in (4). However, for the sake of generality of the algorithm this was not explicitly done in the formula, but it was done by setting the inverse of the mass of the helium nucleus to zero in the calculation of the D correction which effectively eliminated the D interaction involving this particle. Upon transformation of the laboratory coordinate system to the internal one, the Darwin Hamiltonian (4) can be expressed only in terms of the internal coordinates:
while the mass-velocity Hamiltonian can be represented as a sum of three terms:
where the termĤ MV r, relevant to the present calculations of the relativistic contribution to the internal energy, has the form:
The calculation of the relativistic correction to the internal energy of the system is done separately for each state as the expectation value of the Hamiltonian representing the mass-velocity and Darwin contributions,
with the non-BO wave function. In our works concerning non-BO calculations on small diatomic molecular systems [3] [4] [5] we have shown that the explicitly correlated Gaussians (ECGs) involving functions with preexponential multipliers consisting of the internuclear distance, r 1 , raised to a non-negative even power, p k :
where r fr are exponential coefficients that can be determined from the elements of matrix A k .
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The energy and the wave function for each state of HeH were obtained by minimizing the Rayleigh quotient:
with respect to the expansion coefficients of the wave function in terms of the basis functions, c k , the basisfunction exponential parameters, fA k g, and the preexponential powers, fp k g. Here, H and S are the Hamiltonian and the overlap matrices. The optimization was done separately for each state using an algorithm based on analytical derivatives of the energy, Efc k g; fp k g; fA k g, with respect to the A k parameters. To achieve high accuracy we used 5400 basis functions for each state [this is by 900 more than used in [5] ]. We believe that with this many functions in the basis the energies were converged to the 8th-9th decimal figure. The range of the preexponential powers, fp k g, used was 0 -250, and all the powers were partially optimized for each state. Based on the available experimental data, only the frequencies ( v 0 !v 00 ) of the lowest three pure vibrational transitions (J 0), namely 1 ! 0, 2 ! 1, and 3 ! 2, of 4 HeH can be estimated reliably. We used two independent estimation methods. The first one was based on fitting the microwave (MW) and infrared (IR) spectra of the four isotope variants of 4 HeH to the radial parameters in the Herman-Ogilvie equation [14] :
including the adiabatic, Vx 0 , the nonadiabatic rotational, x, and the vibrational, x, corrections to the BO energy levels, and then calculating 1!0 , 2!1 , 3!2 .
The details of this method can be found in [5] . The results obtained are presented in Table I . In the second method the vibrational frequencies were estimated by fitting the line positions of the separate bands 1 ! 0, 2 ! 1, and 3 ! 2 of 4 HeH , including RJ and PJ rovibrational transitions, to the Dunham's energy formula [22, 23] :
In this approach the frequencies of the vibrational transitions n ! m are directly obtained from the relationship:
The calculations were performed by using a weighted nonlinear least-squares routine with weights taken as the inverse squares of the uncertainties of the experimental data. To obtain the best set of the Dunham constants, Y ij , fitted from the spectra, we used as the criteria: the smallest number of the fitted parameters consistent with the minimum value of the normalized standard deviation,, the maximum value of the F statistics, and the optimal values of the estimated standard error, i , of each fitted parameter i and of the coefficient, cci; j, correlating parameters i and j. The results of these calculations are also presented in Table I . The uncertainty shown in parentheses is the estimated standard deviation in the units of the last quoted digit of the values of the fitted Dunham constants. The discrepancy 3!2 0:0452 cm ÿ1 in the values of the 3!2 vibrational frequency calculated by the two specified methods is due to a small number of available line positions (only 11) used in the calculation. Hence, in this case we can only specify the range for this frequency as 3!2 2 2295:534061-2295:5792. The differences in the values of the remaining frequencies 1!0 0:0018 cm ÿ1 and 2!1 0:001 cm ÿ1 are less than the experimental uncertainties of the spectral data used in the calculations (0:002-0:003 cm ÿ1 ). The only exception is the data (7 lines) of Shy [20] obtained with the accuracy of 0:0006 cm ÿ1 . 
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The total and transition energies for all 12 bound vibrational states of HeH ÿ1 with zero total angular momentum obtained in the non-BO calculations are presented in Table II . Both nonrelativistic results and results including the relativistic corrections are shown. All transition energies corrected for the relativistic effects are lower than their uncorrected counterparts. The largest shift of ÿ0:1508 cm ÿ1 due to the relativistic corrections occurs for the 8 ! 7 transition. It is clear that for all transitions the inclusion of relativistic corrections change the frequencies by much more than their respective experimental errors. The comparison between the calculated transition frequencies and the experimental results for the first three transitions is also shown in Table II . As mentioned, only for the first two transitions did the experimental results obtained using both estimation methods agree to high precision. For those two transitions the relativistic corrections bring the predicted frequencies noticeably closer to the experimental values. Although adding the relativistic correction to the third transition (3 ! 2) also improves the result, there is a discrepancy between the two extrapolated experimental values, making this case less reliable.
In conclusion, it is clear from the results presented here that theoretical calculations with an approach that does not assume the BO approximation and includes some relativistic effects (of the order of 2 ) are capable of generating results whose accuracy matches the accuracy of the experimental measurements. It is also clear that, while in the calculations all 11 pure vibrational transitions are predicted, only two lowest transitions are reliably established on the experimental side.
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